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ABSTRACT

The first quarter of Nineteenth Century is considered as a basis to the theory of boundary value
problems, which involves the determination of solutions of differential equations that satisfy prescribed
boundary conditions. By the application of the method of separation of variable to partial differential
equations of mathematical physics, one was led to the expansion of an arbitrary function in terms of a
system of functions known as 'proper functions' or ‘eigen functions’ of a differential equation for
corresponding 'proper values' or ‘eigne values' of an involved parameter. In this paper contains a

convergence theorem and obtained expansion for the vector function of the type f (x) = ? gg]which is
2

continuous in some suitable interval and bounded variation in that interval, when p(x) and g(x) tends to +

oo or -co, which will be suitable in the work.

Keywords: convergence theorem, differential equations, eigen functions expansions etc.

INTRODUCTION

The work of mathematical physicist J.B.J. Fourier (1758-1830) and mathematical astronomer,
F.W. Bessel (1784-1846) in the first quarter of Nineteenth Century is considered as a basis to the theory
of boundary value problems, which involves the determination of solutions of differential equations that
satisfy prescribed boundary conditions. By the application of the method of separation of variable to
partial differential equations of mathematical physics, one was led to the expansion of an arbitrary
function in terms of a system of functions known as 'proper functions' or 'eigen functions' of a differential
equation for corresponding 'proper values' or 'eigne values' of an involved parameter.

The theory of eigen function expansions associated with the second order differential equations
goes far back to the time of Sture and Liouville, i.e., more than a century ago. The modern theory of
singular differential operator was first developed by N.Neyl (1885-1955) on singular self-and joint Linear
differential operator of the second order and later on developed by M.H. Stone, J. Von Newmann (1905-
1957), K. Friedrichs, K.Kodaira.

Work on boundary value problems associated with self-adjoint differential system due to David
Hilbert (1862-1941) was fundamental one. But the discussion on the simultaneous system was started by
either in the early 20th century. Schlesinger [53] took a system of a linear differential equations of the
first order with coefficient to which one rational in X and obtained the asymptotic forms for a solution.
Harwitz [38] considered the simultaneous expansion of two functions in terms of solutions of a pair of
differential equations of the first order with restricted boundary conditions. Mirkhoff and Langer [9] and
Bliss [10] considered the possibilities of simultaneously expanding n arbitrary functions in terms of the
solutions of a property restricted type of first order differential equations with a number of boundary
conditions at one or both ends of a finite interval.
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TWO LINEARLY INDEPENDENT SOLUTIONS
The two linearly independent solutions of the system
(M+2)0=0 (where, 0 <X < 0)...covuirieninnnnnn. (1)
which are L2 [0,00], are given by

P (6, ) =0,(x, 1) + X2, m (DO, (x, 1), (r=12)........... (2)
Now by u; (x, 1), v;(x, 1) (j=1,2) are large the imaginary part of A is large and positive and
My (D~ =252, if 1,(0) # 0))

u] (10)

: f ;(0) =0,

]2
v} (0)

lfv(OO)—O )

S0 @;(x,1) (j=1,2) are not L? [0,00). But from

X)) =e"{C;N)+01)}, (=12)........ 4)
and T, (x) = e™ {C,(M) +0(D)}, (G =12)ceiiireennnene, (5)

we see that Xj (x,A), Yj (x,A) (j=1,2) are small when imaginary part of A is large and positive.
There we conclude that are linearly independent. Then
2

(1) = D K (DECGA) + D £, (D, (6 ), (7 = 1.2)
=1 =

(6)
Since B, (x,4) (r=1,2) are L? [0,00), but @; (X, %) (j=1,2) are not L? [0,0), therefore L, (A) = 0(1 <
r,B <2).
Hence,
D) = Y KD, (r=12)
(7)
From the asymptotic formula (4) and (5) we obtain, as X — oo

u;(x, A) ~ —ip e_"u:i”l'i{'l}
v;(;a,:{} ~ — iy E—JMHHU}
Kj'{.l‘,.al) ~ — i e tixg, (4)

P . _fﬂ-‘{:_:._.{;{}
‘IJ (x,A)~—ipe jz2 ®
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Where dashes denote differentiation with respect to x. Using (4), (5), (7) and (8), we obtain from
[8; (010, (2, V)] = 8;,2(1 < j,7 < 2).ee )
We get,

1
K11(M11Ciq + My5C15) + Ki3(My1Cyq + MypCyq) + ﬂ =0

K11 (M1 Ciq + Mi3Cy0) + K1 (M1 Coq + My Grg) + ﬁ =0
K11 (M31Cyq + M3y Chp) + Kip(Mgq Gy + M3y Cop) = 0
Ko1 (M1 Cy1 + My3Ci0) + Kip(My1Cyy + MypCy) =0 77777770
Ky (M31Ciq + MyyCrp) + Kop (My1 oy + My Cop) + ﬁ =0
From (10) we get equation (11) as,
(M31Ca1 + My, Cy3)

K1 = —
1 2iu(My1 Myy — My My )(C12Coq — C11Co3)
(M3, Cy1 + My5Cy3)

Ky =—
127 2iu(Myy My — My;My1)(CraCay — €11 Caz)
(My1Cy1 + My5Cp3)

K,y = —
217 2ip(My Mgy — MyyMy1)(CizCoy — €11 Cap)
(My1Cyy + My5Cy5)

K>, = —
227 2iu(My Myz — My3My1)(Ci3Cay — €11 Cap)

CONVERGENCE THEOREM
If f(x) = (;1 83>be a real-valued vector of bounded variation in 0<x< oo and be L? [0, o) and
2

L? [0, c0) and L? [0, c0) and A # and eigenvalue of the system (1), then
L0 - 0= - BT RS o(x,2),da

m R oo (12)
Uniformly for 0 < €< 1, where

002 = (0 0) = I 6y Dr o)y (13)

We prove convergence theorem for ¢, (x, A) because similar result holds for ¢, (x, ). Now we write
$1(x, A) as
(%, A) uJ.le_?Jf GTICy) dy + doy (x, A)fq:TrtyJ dy +
o a

+u1{1,)l)J Wl (v, &) f(y)dy + us(x, A) j Wi (v, ) f(yidy

= Yry,0(x A) J uq (v, A) F Ovddy + uy (x, P-.)J Yy, Flw, A0, () dy +
(4] x
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= ¥210 D) [ U i @AY +uy (A [ War LD () dy ¢
o X

— W G D fviur.a_u f2 )y + Waq (x, A) J va (v A) f2 ()dy +
(] [n]

+uy (x, A)J Wio (7. A) £z (7ldy + uzi(x A) f Waz (3, A f2 (yldy

= A+B+C+D+E + F (say)
(14)
Where

A= Urq,(xA) flh (v, 2) f; (v)dy + uq(x ?'JJ' Yraq (v, A) [}r}d}'
0
B = {y(x Ufuz[.?-]l} f; (y)dy + “ztx-ljf Yoy (v, A) £ ()dy
] X
€= Wy(x,2) J-Vl':)’-ﬁ;'fz (dy
o
D W, f valy, A) £, (3)dy
Q
E=ud) [ W@ @dy

F 112(1,:’1)[ Poa(y, A) 5 (y)dy
a
Now

A= Pyy(xA) J“l(ﬁ" N ()dy +uy(x, ?‘L)J' Wy (y, 2 £y (y)dy

-8 X it
v | [+ [ encon| [+ ”
0 x—& X+&

= A+ A+ Ay + A, (say)
For |u] > J, we have from (7) and (11)

|M,, (1)] |etH¥
I (v, A)] = 22 |etHY |

2| ul{|My; (D) My () — Myo (DM, (D))
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_we ™
C wl (15)

where  is a constant.
u (¥, 0,7 (x, 1) = 0(e™), (j = 1,2) (16)
Therefore, using (15) and (16), we have

et =
a0l [ emnolay
xtd

ﬁ.t.'l.'
0
[|F| ] (17)
The integral of (17) round the semicircle tends to zero as R — oo for any fixed &. Similar
arguments hold for A; also. Now we consider As. For fixed x or in a finite interval, from (18).

x| ) ( Lu(x-y)
X;(x) = e ‘ 2k f e : {p WMX;) — T Y, (_v)} dy +
0

+-L [ eMO0{p (y) X; (v) — 7 DY, () d,

2ip 7x

x

few(r Nq PY;,G) —r (y)XJ(_v)} dy +

0

Y, (x) = elwxl -
jx e sz#

+ 7:—# f:c e 1u(>’—x‘>{q W X; ) =1 09X (_v)} dv,

(18)
We get
X5 2) = €] = i | e pOmE0 —romE 0 ay +
(1]
1 r ipn(y-x)
X
—Lx _
< F; S0+ )< % _
s “ say, (j=1,2) (19)
Similarly

[Y;(x,0) — e7ix| < B2 (=1, 9)

ik (20)
Cu@) =1+ [ e {p 0)K; ) — r)Y; () dy o
Cp@ = 1+ [" e {q 1Y () — r()X; )} dy 22)

39
Copyright © 2024 | JVT Network, All Rights Reserved



Journal of Validation Technology

ISSN: 1079-6630 E-ISSN: 2150-7090 Iv I NI ‘ | I V‘/ ORK

(www.jvtnetwork.com) INSTITUTE OF VALIDATION TECHNOLOGY

Volume 30, Issue 3 — Sep 2024 an informa business

- UGC CARE Il

Also from (21) and (22), we have
@ = {14 {](lil)}, G=12)

Cp ) = {1 + {](ﬁ)} G=1,2)

o[22

{U}
M (2) = &
) [ ( ) ] (25)
Therefore, by using (13) and (14), (4) and (5) can be written respectively as

Xj(x,A) e'*"[1+u( )

(23)

(24)
Similarly

Yi(x,A) = ef!“{1+ﬂ( )}

(26)
Now using (25) and (26), (7) and (11) give
va(@e*(1+0( )}
12 (x, 4) infv, (0)us(0)—u,(0)va(0) ] 27)
glexl
vj{x, i) = vj({]] cospux + 0 { ™ } 28)
Thus from the first result of (27) and (28), we get
r+o
u; (0)v,(0) cospx J’
A, =- L (v dy +
T iulva (0)up(0) — uy (Wv,(0) ) J © R
T
E.|Lﬁ| x+8
10 1){ f I “’fl{y}d}r
ul ¥
The last term of Az is
x+&5

1
03— [(yid

X

and the integral of this round the semicircle is
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x+8&

0 ffmﬂ@

which can be made as small as we please by properly choosing & term in A3 can be written as

) xt &
[px Lpax
. v2(0)u1(0) (¢ bl J e f (y)dy
:fmlvlf_llluy_{llj \11“”‘-’2(““
p
The term involving e™* also gives a zero limit by similar arguments. The remaining term is the
same as in the case of an ordinary Fourier series. Similar arguments also hold for A, Hence we conclude
that in the bounded variation case
R+i€

lim f Ad 1 uy (0w, (0)f,(x + 0) + f,(x + 0)}

|
R — w 2 Vol uq (D) — uy (0w, (0
e [vo (0)ug(0) — ug(0)v,(0)]

Similarly
im [ gL OO+ + G+ 0)

L= — Ml

R o . 2 [Vl(D]uZ[D)—UI({])HE(Dj]
R+ie

lim V30V, (0)(F1(x + 0) + F,(x + 0))
R o0 J AT v (0) — uy (0)v,(0)]

Rtic
e (O, (O, (x— 0)
i 1 () Ot (G 0
lim [ DdA - —mi 2Ol (x
R— oo 2 vi(Quz(0) —uy (0)v2(0)]
R+ie
Riic
lim 1 uy (0)u,(0)f; (x+ 0)
f EdA = —mi
R— o e 2 [vi(0)uz(0) — uy (0)va(0)]
- i
Thus we have
Riic
lirni L
J O (x,A)dh= —= mi{f;(x+0)+f,(x— 0)}
K — wo 2
R4ie
If f (X) is continuous, then
1 lim  (R+ie .
fy(x) TR oo J-RHE Dy (x,A) di (29)
Similarly
1 lim R+ie
B00 = — 5 g o L i P2 d) dA (30)

The above regulation are true uniformly for0<e <1
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EXPANSIONS
We investigate the behavior of the integrals (29) and (30) as €—0. Here we discuses (29) and the
same arguments will apply to (30). First of all we show that (29) can be replaced by

L Iim 1 Riic |,
he= m[“ [Cpsim @ (x, ) da| an
Since ¢4(x, A) is analytic in the upper and lower half planes, it follows the convergence theorem
that
_ L lim R+ie
f1 () TR oo ) PrxdA

(32)

Let A =s-i € = 1-2 i €, € being fixed. Then from (32), we have
R+ie

1 .
£, (%) lim @, (x A 2ic)di
m B on ‘
Rtie

R+tie
1 lim _
e [ @y (x,A)dA
R+ie (33)
Adding (29) and (33) we have
1 R+ie
_ 1 lim B ™\ %
20 = —— @y (x,2) — Dy (x,X) dA
—R+ie
, Rtie
_ 2 lim J [im b, (x, A)]dA
mR — oo
Riie
Because im ¢ (x,4) = ¢ (x, A). The proves (31)
We know that ¢;(x, 1), ¢; (x, 1) (j = 1,2) are analytic function of A and are real A, it follows that

each of
im (), im (v;), im (x;), im (y;) = (€) (34)
As € -0, Therefore, for x, y in the fixed interval

U DY ED) Y 0] = 00,0 <rj <2)

And

im{y11(x, Dv1 (v, D= uy (x, 1) — P12y, D) + 1!’21(95;(?/2)172(3’; D) —uz(x, 1) — (7, )} =0

(35)

Now
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1 R+ie
iml—; I ¢1(x,ﬂ.)r11‘

-R+i¢
May be put in the from

R+tie , oo
im l__ {uiﬁx,l)d,r“(_u_,lj t U;(K.MEP“(}:J)) f(y)dy +

—R+IE ﬂ'

+ f (1 GOV t ua D3, A) () dy |

0
X

"‘J(ul(}’,?ﬂ' Y1106, 4) — w6 D10, D) 1) dy +

0

+ J[ U, (¥, A) Y2y (x,4) — '-12{?{.”11{-'21(_"-’;3)) fi(y)dy +

+ J(‘Pn (M) vV, ) — ug (%, 2) Y120y, 4))
0

P A v2(n,4) — w(x,2) Y2 (v, AE(Y) dylda] (37)
Using (34), (36) and (36), (37) becomes, for fixed R and ¢ — 0

H-HE D“}
[ml—— UL{X.l}ﬂL’ll(J’r;{] + uE{HJA)TIIZI{yJ‘l)) fj_(y}d_‘,"r

—R+ie ﬂ'

+ J (uyGe D00, 4) + Uz(x.l}lpzzﬁhﬂ) f2(y) dy}da| +
Q

+0(€) (38)
Now
R+ie o0
f im u, (%) dA f re Yoy (v, A)F, (V)dy
~R+ie 0
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0 () l da || (y,s 1) (y)|dy

=T

1

R [ o z
U(E){ [([|w11{}?-5_i'5)f1(}')|d}' da}

1
=0 (EE) using schwarz’s inequality

Similarly
R oo
j re{u;(x,5 i€)uy(x5)}ds f imypy (v, Dfi(y)dy = 0 (Eé)
R 0 (38)

Therefore (38) becomes

[ J u, (x s)ds 1In¢11(y s— 1 6)f(y)dy +

1z J u(x, ﬂjdﬂj imifi; (y,5 —1 E)y (y) dy +
0

R
R o
t fu_;_(n. :}'Jclﬁj iy, (y,s — 1 €)fy (y) dy +
R 0
R (L0
: : 1
+ J ug(x, desJ im, (yv,s —i EXM,(y)dy|+ 0 (EE)
-R 0

on

R

1 " .

. [J'lh f?{_ﬂ]dﬂj im! (v,s —i€)f(y)dy+
e

[

} fu.z(x, sjdsj impi(y,s —ie)f(y) d}"

R 0

+0 (e%) (39)
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Now let
2 4
6D = )" [ 609 dies ),
Lo (40)
And
g (D) = f XL (v,2) fy) dy,
. (41)

The integrals in (41) exist because f (x) is L2 [0, oo] and Xr (y, &) is L2 [0, o]

fdd [ myl(y,s —1e)f(y) dy

JrT(y)f(y}dyflm P (y,s —i€) da

0
- —g,, as €-0 uniformly over a finite real A range Hence integrating the first term of (39) by parts, we
have
5 o R
1
——|uq (%, 5) [ds‘J imyp! (y,s' —ie) f(y)dy| +
m
0 L E

fa“i{x s) de’ H]‘Hj'J:-(_I’.QJ 1§ :If(j!j I]}']

— EIu;(m] g, (s)1%,

R
1 [ duyix,s)

A (42)
As €-0. If g1 (s) (r=1,2) are of bounded variation, is equal to the Stieltjes (42) integral
s

i !
- J uy (x,5) dgy(s)

—h
Therefore, (39) becomes
. R
T J uy (x,8) dg,(s) + J uz(x,s) dg,(s)
R K 43)
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In those cases which involve continuous spectrum, it has been shown by bhagat [5] that

E?—l{fﬁf + *if:'r}

A2 (A2(0) + BEQL)

lim .
T 3 .ﬂ m [mlil _
(44)
(when j=1, k=2 and when j=2, k=1)

+d, . d +:1Rr133_

lim . lim . _ G 6 te 365 1d,,d5,

t=0 im |H112] = . ﬂlm [m;!l] JL; (AZ(A)+B2(A)) (45)
Where

A(A)=cpy01p —dpydyy — €110z + dyydy, A

B(A)=cyydyz + a1 —€41d3; — €314y,

1) = u(0) — > [P @) — r @v(y)} sinpy dy)

Rt

4@ 7 Wy ) - r @) cospy gy,

G @ —vi(0) [ {a@Vi@) — r M) sinpy d-

v, (0)
dio(A) = -
2@ = - (46)
Now substituting the values of dk,(s) (1 <, l < 2)in (40) we have

+ ﬁf:{q{.‘r"}vj(y) — r(}"}uj[}r)} cospy dy,

)

Xr(y,4) = th[y )

i
J'(p o, )Le eke(s)+ diy(s)) ds — [% (. ):1,{ 8) ¢y (s) fu(‘?)fz”(‘f-) Fdyq(s) dyy(s) +dyp(s)d, z(‘?)
s xz(.ql(s) t B2(5)) 0 A’{A (s) + B“(s)) (47)
Using (41) and (47), (43) becomes

j';z w)hr(ym@)dy

Where the integration over A is over the mterval of continuous spectrum. In the interval —R < 4 <
0 g, (1) (r=1,2) are constant except for a finite number of discontinuities at the poles of m,,(1)(1 <
r,s < 2) Hence the associated expansion is a series.
CONCLUSIONS
This paper contains a convergence theorem and obtained expansion for the vector function of the type
fi(x)
T =100

when p(x) and q(x) tends to +oo or -co, which will be suitable in the work.

] which is continuous in some suitable interval and bounded variation in that interval,
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